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Equation to Solve

We concentrate on analysing the stock process S, which jumps down by
the amounts of dividend d. at the respective times t;, and follows a
geometric Brownian motion with flat volatility o at other times:

ds, = (rst - > dis(t —ti)Jdt +0 S,dW.. ()
O<t;<T

Here I is the risk-free interest rate, & is the Dirac delta function and dW,
Is a Wiener process

We are interested in pricing of the corresponding European Put and Call
options
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History of the Question

Issue was around for about a decade...

Literature overview (2002 — 2005)

V. Frishling, “A discrete question”, Risk, Jan. 2002, pp.115-116:
the issue is identified; two “traditional” approaches are presented; both
disagree significantly with numerical results.

M. Bos and S. Vandermark, “Finessing fixed dividends”, Risk, Sept.
2002, pp. 157-158: an idea to split dividends into two appropriately tailored
parts (one to be subtracted from S and one to be added to K in BS formula).

R. Bos, A. Gairat, and A. Shepeleva, “Dealing with discrete dividends”,
Risk, Jan. 2003, pp. 109-112: volatility adjustment idea; two ways of
volatility adjustment are suggested.

R. Beneder and T. Vorst, (2001) “Options on dividend paying stocks”,
in: J. Yong (Ed.) Recent Developments in Mathematical finance (Shanghai,
2001) (River Edge, NJ: World Scientific Publishing): a simpler version of
volatility adjustment idea (plus only one way to adjust volatility is suggested).
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Case of Distributed Dividends: BS formula

If no discrete dividends are present, then a famous exact solution is known

Nobel prise winning Black-Scholes formula
C=S,exp(—qT)N(d,) - Kexp(—rT)N(d,),
P =Kexp(—rT)N(-d,)—-S, exp(—qT)N(-d,),

where SO is a current stock price (Spot), K is Strike value, T is time to option
Expiry, I isarisk-free rate, ( is dividend yield, N(X) is cumulative normal
distribution function and d, and d, are given by:

CIn(S,/K)+(r—q+0°/2)T

d ,
1 o T

q - IN(S,/K)+(r—q-oc°/2)T
i oT |
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Option Pricing for Discrete Dividend Case

Basic pricing strategies include adjustment of spot (S) or strike (K);

Spot approximation (same answer as distributed dividend BS formula):
C =S,N(d) - Kexp(—rT)N(d,),
P=K eXp(_rT) N (_dz) - §o N (_dl),

where §0 =S, - Zdi exp(—rt.)=S,exp(—qT).

O<t; <T

Strike approximation:

C =S,N(d,) - K exp(—rT)N(d,),

P = K exp(—rT)N(=d,)—S,N(-d,),
where K =K + > d, exp(r(T —t;)).

O<t; <T
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More Advanced Strategies: Hybrid Approach

One of more advanced approaches uses dividend splitting technique

Dividend splitting approach [Bos & Vandermark (2002)]:
C =S,N(d,)— K exp(-rT)N(d,),
P = IZexp(—rT)N (_dz) - S_o N (_dl)’

where S, =S,—Dg, K=K +D, exp(rT), where, in turn,
T-t t

D, = ——d.exp(-rt), Dy = —d. exp(-rt,).

S Z T i Xp( |) K z T Xp( )

O<ti <T O<ti <T

We refer to this method as Hybrid approach below
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Local versus Implied Volatility

Volatility in BS formulas is related (but not identical!) to volatility in Equation (x)

Explicit expression linking implied (BS) volatilities with local (MC) volatilities
can be derived for distributed dividend case (generalised Dupire formula):

0'2+2Tc72$+2(rf qf)KTc)'ZCK7

oL80= AN o’c (0
1+ Kd AT 97 | 4K To| 22 —d,| 922 ﬁ

oK oK? oK

IN(S/K)+(r, —q, +c°/2)T
o~T

where d, =

K=S, T=t

and o =0,,,(K,T).

v ()

No general formula is known for discrete dividend case, but it can be shown
that flat local volatility of process with jumps should be replaced by non-flat
local volatility if the “equivalent” process without jumps is considered.
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More Advanced Strategies: Vol Adjustment

More advanced approaches use volatility adjustment idea [Beneder & Vorst, (2001)]
[Bos et. al., (2003)]
Volatility adjustment (Spot version)

C =S,N(d,) — K exp(-rT)N(d,),
P = K exp(—rT)N(=d,) - S,N(~d,),

2
~ _ S
where SO = SO — Zdl eXp(—rtl), 082 02<(S - D(S)) >O‘2(1+€S)2

O<t; <T
Volatility adjustment (Strike version)

C =S,N(d,) - K exp(—rT)N(d,),
P=K exp(—rT)N(-d,)—S,N(-d,),

where K =K+ D d;exp(r(T -t,)), a§—02<[ > ]>02(1‘9K)2

(K)
0<t <T S+Dj
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Comparison of Different Methods: Calls

All methods produce results which may significantly differ from numerics
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Comparison of results given by different analytical approaches for a multiple dividend
family of Calls: T =1, 2, 3, ... , 11, S, =K =100; o =30%; r =6%;
t =05 15, ...,10.5 D, =9.0, 9.0, ..., 9.0.
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Comparison of Different Methods: Puts

All methods produce results which may significantly differ from numerics

60.0

50.0

40.0

30.0

Price

20.0

10.0

0.0

0

Maturity

12

— Spot
—Strike

— Strike VA

Spot VA
= Hybril
CN check

Comparison of results given by different analytical approaches for a multiple dividend
familyof: T =1, 2, 3, ..., 11; S, =K =100; o =30%; r =6%;
t =05 15, ..,105 D, =9.0, 9.0, ..., 9.0.
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Main Observations

Significant differences with Crank-Nicolson (CN) results

Moderate to strong disagreement with any of analytic approximations for Calls
Qualitatively different behaviour for CN results vs. analytic approximations for Puts

Violation of the conventional Put-Call parity relation for European options:

P+Sexp(-qT)=P+S-D=C+Kexp(-rT),

where D= Zdi exp(—rt).

O<t; <T

* National Australia Bank



Questions to Answer

Main question

Can we trust our CN scheme?

Is the observed parity violation phenomenon real?

Questions for BS-like formulas / approximations

Are there any good analytic formulas / approximations?
If not, can we develop one?

If parity violation phenomenon is real, then can it also be described by BS-like
formulas?
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CN schemes - Introduction

CN schemes are still in the centre of attention of a broad quant community

Equation to solve (from t=T to t=0.)

ARV SCARNE TS oV =0

ot oS 2 0S*

Initial conditions

For Puts V(T)=max(K -S§;,0),
For Calls V(T)=max(S; — K,0).

American versus European schemes

European CN solvers utilise LU schemes (direct matrix inversion).

American CN solvers typically utilise projected successive over-relaxation (PSOR)
method
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Different Versions of BCs for CN schemes

Surprisingly it is harder to formulate BCs for European options
Boundary conditions for American Puts:

V, (0<t<T)=0, V,(0<t<T)=K-S,.

Upper boundary conditions for European Puts; Vy(0<t<T)=0,

Lower boundary conditions for European Puts (3 potential versions)
“Spot: V,(0<t<T)=Kexp(—r(t,T)(T —t)) - max($, — D(t),0),
‘Strike”: V,(0<t <T)=[K exp(=r(t, T)(T —t))+ D(t)]-S,,
“Hybrid”: V, (0 <t <T) =[K exp(=r(t, T)(T —t)) + D ()] — mex( S, — D (t),0),

where, e.g. D(t)= > d;exp(-r(t,t) (¢ —1).
= # National Australia Bank



Which CN Euro Option BCs are Correct?

Comparison of three versions of Euro Put families with corresponding American
Put family clearly defines the only consistent choice — “Spot” BCs
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Only “spot” BCs always keep Euro option values lower than the American ones
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Other CN issues

Dividend-induced CN grid shifts have to be handled with extra care

As we work backward on the grid through a policy-dependant dividend
payment at dividend times the asset price rises by the amount of the
dividend so that we have introduce the shift

S(t7) =S(t)+d,,

which, due to continuity of derivative price requirement, in turn, leads to the
following equations

~

For European scheme  V[S(t )t ]1=V[S(t")—-d,,t],

~

For American scheme V[S (ti_)’ ti_] — maX(V[S (ti+) - di ’ti+]1 K- S(ti+ ))

All these equations depend on a choice of dividend policy!
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Different Dividend Policies

What if at some point of time the process share price falls below the corresponding
forecasted dividend value? Different strategies can be suggested:

“Liquidator” policy — to payout “everything available”:

D(t) = min[ D' (1), S(t)].
“Survivor” policy — to pay nothing:

it DU (t) > S(t) than D(t) =0.
“In-between” policies:

0 < D(t) < min[ D*orested () S ()],
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Monte Carlo Comparison

For European options the standard Monte Carlo algorithm is substantially
simpler and may even be more efficient than some CN implementations.

Standard forward propagation formulas to ex-dividend dates:

S, (t+At)=S_(t)exp[(r —o®/2)At +o(At)?z ],

are followed by dividend subtractions (according to a chosen policy):
S(t) =S(t)-D;.
Final results are obtained by averaging of the discounted trajectory payouts:

Ve =[ D exp(—rT)max(S; —K,0)1/N, V, =[ > exp(-rT)max(K —S;,0)]/N

1<n<N 1<n<N

Good agreement with CN results (for “Spot” boundary condition choice)
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Conventional Put-Call Parity Expression

There is no parity violation in case of zero dividends or proportional dividends:

75

0 S=K S[$] —

The relation P+Sexp(—q T)—-C =K exp(—rT) holds.
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Parity Violation Phenomenon (Liquidator case)

In case of a single discrete dividend forecasted parity violation is almost apparent

//
S/
,/ max(S - D, 0)
T K+ D /
— '—' e 7
U /
> K_
/
/
/
/
c 7
0 /
0 S=K+D S[S]—’

Here D =min( S, D, oenceq)» Which resultsin P+S—-D-C < Kexp(—rT).

actual
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Parity Violation Phenomenon (Survivor case)

There exists more than one dividend payout strategy (“Liquidator” vs. “Survivor”)

//
S/
// S, S<D
T K+D 7 S-D, S>D
e f: )
% 2
> K 7
7/
7/
/7
/7
c 7
0 7/
0 S=K+D S[S]_>

Here D 0 if Dforecasted(t) > S(t)

actual —
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Was Parity Violation Overlooked by Others?

We could identified a SINGLE paper, where this phenomenon was reported

E. G. Haug, J. Haug, A. Lewis, “Back to Basics: a New Approach to the
Discrete Dividend Problem”, Wilmott Magazine, Sept. 2003, 37-47:

essentially provides a semi-numerical method of pricing European and American
options; method is hard to implement in case of many forecasted dividend payouts

Other related recent works (2006 - 2010)

M. H. Vellekoop and J. W. Nieuwenhuis, “Efficient pricing of derivatives on
assets with discrete dividends”, Applied Math. Finance, Vol. 13, No. 3, Sepit.
2006, pp. 265-284: a good overview of existing pricing methods/approximations;
does NOT mention parity violation.

C. Veiga, U. Wystup, “Closed formula for options with discrete dividends
and its derivatives”, Applied Math. Finance, Vol. 16, Issue 6, 2009, pp. 517-531.:
provides an exact Tailor series-like formula, which works well for multi-dividend
case; again NO mention about parity violation.

Reasons for missing Parity Violation phenomenon
Most researches are more focused on American options.

100% of results are presented for Calls ONLY, whereas parity violation manifests
itself ONLY in Put pricing.
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Improved Pricing of Euro Calls: Core Idea

It may be possible to construct a simple, but high accuracy BS-like approximation

Existing approaches

Spot adjusted approach (Spot) + extra volatility adjusted approach (VA Spot)
Strike adjusted approach (Strike) + extra volatility adjusted approach (VA Strike)

Dividend-split approach (Hybrid)
Standard perturbation theory framework

Standard perturbation approach involves having a zero-order approximation and

tuning parameter(s) which can be adjusted once or many times (i.e. in a series-like
fashion).

Action plan

Take dividend-split approach as a zero-order approximation

Apply an extra volatility adjustment in a fashion prescribed by VA Spot and VA Strike
approaches

Enjoy much improved agreement

* National Australia Bank



Improved Pricing of Euro Calls: Analytics

Newly suggested method use both dividend splitting and volatility adjustment

VA Hybrid approach:
C =S,N(d,) - Kexp(-rT)N(d,),
P =Kexp(-rT)N(-d,)—S,N(-d,),
where 5_0 =S,-D;, K=K+ D, exp(rT), where, in turn,

- ¥ Thdee(-rt), D= Y tdep(-rt)

O<t; <T O<t; <T

and we also adjust volatility as &, = o1+ 8Sh))(1 8(h)) ocl+ey),

2 2
1 S
(hy —
1-e’)= T 4 +1<jz<:N£ D(K)j j tjl)+[S+D|(\|K)J (T_tN):|1

2 2
S S
— t, + (t. -t )+(T-t,) |
T [S—Dl(s)] 1 1<JZ<:N(S_DJ(S)j b N}

) 4* National Australia Bank
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Improved Pricing of Euro Calls: Many Div Case

Hybrid VA approach provides close to perfect agreement with CN results

T CN Spot Rel Strike Rel Hybrid Rel TE Rel Hybrid Rel
VA diff VA diff diff diff VA diff
yrs [S] [S] [%] [S] [%] [S] [%] [S] [%] [S] [%]
1 10.19 10.2 0 10.23 0.3 10.18 -0.1 10.19 0 10.2 0.1
2 13.22 | 13.15 -0.5 13.33 0.8 13.16 -0.4 13.21 -0.1 13.22 0.1
3 15.04 | 14.84 -1.4 15.29 1.7 14.91 -0.8 15.02 -0.2 15.05 0
4 16.24 | 15.82 -2.6 16.67 2.8 16.01 -1.4 16.21 -0.2 16.24 0
5 17.07 16.33 -4.3 17.77 4.1 16.7 -2.2 17.04 -0.2 17.05 -0.2
6 17.66 | 16.51 -6.5 18.64 5.5 17.11 -3.1 17.62 -0.2 17.6 -0.4
7 18.08 | 16.41 -9.2 19.37 7.1 17.31 -4.3 18.03 -0.3 17.96 -0.7
8 18.37 | 16.06 | -12.5 19.99 8.8 17.34 -5.6 - - 18.17 -1.1
9 18.57 | 15.56 | -16.2 20.53 10.5 17.25 -7.1 - - 18.27 -1.7
10 18.72 | 14.87 | -20.6 | 21.02 12.3 17.06 -8.8 - - 18.27 -2.4
11 18.81 | 14.01 | -25.5 21.47 14.1 16.79 | -10.7 - - 18.21 -3.2

Comparison of results given by different analytical approaches for a multiple

dividend family of Calls: T =1, 2, 3, ... , 11; S, = K =100; o =30%; r =6%;

t =05 15, ...,105 D =90, 90, ..., 9.0.
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Improved Pricing of Euro Calls: One Div Case

VA Hybrid approach provides close to perfect agreement with CN results

T CN Spot Rel Strike Rel Hybrid Rel TE Rel Hybrid Rel
VA diff VA diff diff diff VA diff
yrs [S] [S] [%] [S] [%] [S] [%] [S] [%] [S] [%]
1 2.18 3.14 43.9 2.18 0.2 2.18 0.1 5.86 168.6 2.19 0.2
2 4.42 5.07 14.6 4.65 5.3 3.85 -12.9 4.7 6.3 4.46 1
3 6.76 7.12 5.9 7.4 10.1 5.9 -12.2 5.69 -15.3 6.81 1.2
4 9.01 9.22 2.3 10.23 13.6 8.08 -10.3 7.39 -17.9 9.14 1.5
5 11.23 11.3 0.6 13.05 16.2 10.28 -8.5 9.35 -16.7 11.41 1.6
6 13.38 13.34 -0.3 15.81 18.2 12.44 -7 11.4 -14.8 13.6 1.6
7 15.45 15.33 -0.8 18.5 19.8 14.55 -5.8 13.45 -13 15.7 1.6
8 17.43 17.25 -1 21.09 21 16.59 -4.8 15.46 -11.3 17.7 1.5
9 19.32 19.1 -1.2 23.58 22 18.54 -4 17.4 -9.9 19.61 1.5
10 21.12 20.86 -1.2 25.96 22.9 20.4 -3.4 19.28 -8.7 21.42 1.4
11 22.84 22.56 -1.2 28.25 23.7 22.19 -2.9 21.08 -7.7 23.15 1.4

Comparison of results given by different analytical approaches for single dividend

family of Calls: T =1, 2, ... , 11,5, = K =100; o = 30%; r = 6%;t, =%, D, =50.
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TE approach overview

In our opinion, TE approach” is the only currently available viable analytic
alternative to our method.

Advantages

High quality closed form approximation for the majority of considered examples
Can programmed to be reasonably fast

Drawbacks

Relative complexity: even in its second order approximation “the number of
evaluations of the Black-Scholes pricing formula or any of its derivatives amounts to

21877
Sometimes fails badly (see our single-dividend example for Calls)
In its original form misses parity violation phenomenon

A C. Veiga, U. Wystup, “Closed formula for options with discrete dividends
and its derivatives”, Applied Math. Finance, Vol. 16, Issue 6, 2009, pp. 517-531
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Parity Result for Liquidator Dividend Policy

For a single dividend case exact result for Parity Violation (PV) can be obtained

//
S/
// max(S - D, 0)
T K+ D /
— " T 7
U /
> K_
/7
/7
/7
/
c 7
0 7/
0 S=K+D S[S]—’

PV result: AP =Kexp(—rT)N(-d,)—S,N(-d,), where K=D, T =t,.
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Parity Result for Survivor Dividend Policy

For a single dividend case exact result for Parity Violation (PV) can be obtained

S

; S<D
-D,S>D

0

S=K+D

S[el—=
PVresult: AP =Kexp(—rT)N(-d,), where K=D, T =t,.
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Parity Violation: Multi-Dividend Generalisation

We can utilise newly developed Hybrid VA approach to calculate PV adjustment

PV correction can be viewed as a Put of term TD (defined by the timing of the last
dividend DL) with a strike DL given by the adjusted sum of all dividends:

AP =D, exp(—rT,)N(-d,)—-S,N(-d,),

where S, =S, — DS, D, =D, +|5 exp(rT,), where, in turn,

~

D= > T ool oxp(-rt), De= Y t—idiexp(—rti).

0<t;<Tp D O<t<Tp 'D
: . (h h)y _
and we also adjust volatility as O =o(l+&4 ))(1 8( )) =o(l+e&y),

2 2
S
1-g)= |=—|t,+ > t—t )+ —=— | (T -t
( K ) D 1<J<N(S D(K)} (J j—l) [S—I—DSQJ ( D N)

2 2
1 S S
(h)y —
(1+gs )= T (S—Bl(s)j t1+ Z {S—B(S)j (tj_tj—1)+(TD _tN) .
J

1< j<N
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Improved Put Results: Multi-dividend Case

Hybrid VAPA approach provides close to perfect agreement with CN results

T CN Hybrid Rel Hybrid Rel TE Rel TE Rel Hybrid Rel Hybrid Rel
diff PA diff diff PA diff VA diff VAPA diff
yrs [S] [S] (%] [S] (%] [S] [%] [S] (%] [S] [%] [S] [%]
1 13.1 13.09 -0.1 13.09 -0.1 13.1 0 13.1 0 13.11 0.1 13.11 0.1
2 18.86 | 18.81 -0.3 18.81 -0.3 18.86 0 18.86 0 18.87 0.1 18.87 0.1
3 23.25 | 23.13 -0.5 23.13 -0.5 23.25 0 23.25 0 23.26 0 23.26 0
4 26.87 | 26.66 -0.9 26.64 -0.9 26.88 0 26.88 0 26.89 0 26.87 0
5 29.92 | 29.64 -0.9 29.5 -1.3 29.99 0.3 29.96 0.1 29.98 0.2 29.84 -0.3
6 32.33 32.2 -0.4 31.69 -2 32.73 1.2 32.44 0.3 32.69 1.1 32.13 -0.6
7 34.06 | 34.42 1 33.21 -2.5 35.17 3.2 34.19 0.4 35.07 2.9 33.74 -1
8 35.12 | 36.36 3.5 34.1 -2.9 - - - - 37.19 5.9 34.7 -1.2
9 35.59 | 38.07 6.9 34.47 -3.1 - - - - 39.09 9.8 35.12 -1.3
10 35.56 | 39.58 11.3 34.42 -3.2 - - - - 40.79 14.7 35.09 -1.3
11 35.14 | 40.9 16.4 34.02 -3.2 - - - - 42.32 20.4 34.71 -1.2

Comparison of results given by different analytical approaches for a multiple dividend
familyof: T =1, 2, 3, ..., 11; S, =K =100; o =30%; r =6%;

t =05, 15, ...,10.5 D, =9.0, 9.0, ..., 9.0.
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Parity Violation Results for Survivor Case

There are important differences between Parity Violation adjustments for
Liquidator and Survivor case

Liquidator case (results presented on the previous slide)

Any evolutional trajectory which touches zero value due to dividend payout is
staying at zero forever:

S, (t+At)=S_(t)exp[(r —c*/2)At + o(At)Y? 2, ].

Thus no recursive sum is present in Parity Violation adjustment formula
(effective Put calculations)

Non-recursive formula is in good agreement with CN or MC modelling

Survivor case (and potentially “in-between” policies)
Recursive sum generalisation is needed:

APO() = SR
1<j<N

This straightforward recursion leads to relatively poor agreement with numerics -
more finetuning is necessary...
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More Rigorous Calculation Approach

The method presented so far is a one-off improvement, which does not allow
calculation of higher order correction terms. More general result can be obtained
by extending of the approach of R. Bos et al, Risk, Jan. 2003, pp. 109-112

We start from the effective local volatility result
o, (S,t) =oll+ D, 1) - D ®)]/S),

Then by using semi-group perturbation theory of Schnaubelt (2000)* one
can show that the corresponding implied volatility can be approximated as:

Gt (K, T) = %LT E[O'L (exp(rt + Xj;z't’k),t)] dt,

where X:!t’k is the time o °t value of a Brownian bridge process from
s=In (SO — ISS (O)) to k=1In [(K — 6K (T))exp(—rT)] of length | =T,

* R. Schnaubelt, “Semigroups for nonautonomous Cauchy problems” in Springer
Graduate Texts in Mathematics 194, pp. 477-496 (2000).
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More Rigorous Calculations: Final Expression

Using properties of the Brownian bridge the final expression can be obtained:

o(K,T)? T[ (1+2(D9(T)D;{(f) (Ds{f)—D;{(f) 2. ay>)dr

f— ()’2 + 20’\/?(;’§_5 [Z: (.l'g'f.'li(;_‘_rti ((I)((l) o (I) ((1 - \(;t%))
- ZE:(I — ) die™ " (‘I’ (u — ﬁ) b ((: —0 ))
" ”\/;__2 [Z aidiorjdje=r () (‘I’ib) -3 (b -z mjg - ))

.7

+ Z(l i)di(1— (.1-j)t.‘fjﬁ'-_'r(ti—Hj) (‘I’ (b _ 2 mil;{%f"’ Tj)) —d (b — 20\/?))

Qm" 20t;
— 2y adi(1 — a;)d;e “(cb(!——) clr(( )) .
Do a;)d; JT JT

i>]

see our paper for all derivation details and notations...
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Recent Results

Results for Non-flat Curves and Barrier Options

Results for vanilla options with non-flat local volatility

Instead of flat volatility, generalised Dupire formula for local volatility is used

Even in its original form of this talk Hybrid VA and Hybrid VAPA approaches
agree reasonably well with MC modelling, although the agreement is worse,

than for flat volatility case

Barrier option results

Some very preliminary encouraging results for single barrier options
More work has to be done...
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Conclusions

A few interesting results have been obtained

Results
Parity Violation phenomenon is confirmed to be real
Simple, but high accuracy BS-like results for Euro Calls and Puts are obtained
This includes efficient parity violation approximation

Due to simple form of the Hybrid VA / Hybrid VAPA approximations the
corresponding results for Greeks can be obtained straightforwardly as well

Possible Future Work

Improvement of approximation efficiency by constructing higher order VA
correction perturbation series

Improvement of parity violation adjustment for Survivor dividend policy case
American option binomial tree algorithm generalisation

Improved Hybrid VA / Hybrid VAPA approximation for non-flat volatility surfaces
Hybrid VA / Hybrid VAPA approximation for other option types

Any other suggestions?
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