Credit Derivative Pricing Models

Firm Value and Share Price Based Models

This is a fundamental approach which in principle allows to:

1. Assess default risk of a firm based on its share price and balance sheet information


2. Optimise the capital structure of the firm


3. Trade the relative value of shares vs debt (or credit derivatives)


4. Price convertible bonds


We focus on the first issue – modelling default risk.

The model is based on the fundamental value   V    -  value of the firm

Firm balance sheet

Assets
Liabilities

Value of the firm              V=150
Equity (Shares)                           S


Debt     (Bonds)                           
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The key relation:
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The face value of bonds is   D
-  this is known but not   B.
At  maturity of the bond   T
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Payoff on shares is an European call option on the firm value

Assume that :       
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Questions:

· What should be the value of the debt, shares

· Can we hedge one with the other?

The answer to the latter is ‘yes’ as we have one state variable   V    (at least in principle).
Set up a portfolio        
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Set    
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We get the standard Black-Scholes equation
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and the price of the share is given by the Black-Scholes price of a European call

Note: 
  1) V    and its parameters are not tradeable or even observable, 


      hence -  hedging not possible


  2) As it can be (in principle) be constructed from traded instruments  m = r  risk free rate
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Default Modelling

Alternative ways a default is triggered 

· Default can be triggered when the firm has to repay it debt – at maturity


· Safety covenants  - default occurs if
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· The level    K    is not constant, but proportional to the value of an equivalent risk-free debt:
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Capital Structure of the Firm

· In case of default there are costs (or deviation from the debt priority)

[image: image13.wmf]

 EMBED Equation.3  [image: image14.wmf](
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Qualitative Spreads under the Firm Model.

Stylised example of firm spreads 
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Back to the firm value dynamics:
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but now assume   r      stochastic:


[image: image17.wmf](

)

(

)

W

d

t

r

dt

t

r

m

dr

~

,

,

s

+

=
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Define default time as          
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Then        
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If there is a default before   T  the bond and share pay respectively
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Equation for   B :
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Some other securities

Coupon payments:

If coupon   C    is paid at   t      then    
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Similarly  for   B             
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Convertible bonds:

Whenever conversion allowed we must have
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Callable bonds:
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Solutions to the Pricing Equation

Consider risk-free bond dynamics


[image: image29.wmf](

)

1

~

~

dW

t

T

rdt

B

B

d

r

-

+

=

s


Firm value dynamics
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The price of a defaultable bond (under   T    forward measure – to eliminate drift)
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Time change 

Define
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Define also   Y    such that 
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Then 
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That is   Y    is a lognormal random walk.

Back to the hitting probability
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As   Y      is  lognormal   
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    is normal    
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  and
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where   
[image: image42.wmf]0
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   is the barrier

We can put everything back into the equation for pricing the defaultable bond.

Strategic Default.

A class of models designed to remove some empirical inconsistencies

· The value of  assets follows    
[image: image43.wmf]VdW

rVdt

dV

s

+

=


· Debt has infinite maturity (leads to a homogenous equation), with an aggregate coupon   C   and  the market price   B
· Debt generates tax benefit   
[image: image44.wmf]Cdt
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 (incentive to issue debt)

· Default occurs at    
[image: image45.wmf]B
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 ,   debt recovery is    
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   is the bankruptcy cost.

Standard arguments lead to 
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This equation can be solved as
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- kind of trivial except  
[image: image51.wmf]B

p



[image: image52.wmf]2

2

s

r

B

B

V

V

p

-

÷

÷

ø

ö

ç

ç

è

æ

=

  the value of    1    at default (pay-at-touch barrier)
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From, here the equity value can be derived.

Equity holders will choose the barrier    
[image: image54.wmf]B
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   as to maximise this expression (not the total value of the firm).

A practical implementation: KMV

· The default point is between the total value of liability and short term liability

· Time horizon can significantly affect the results, eg incorrect for very short term, missing the ‘hump’ for longer horizons

· Firm value and Vol are not observable, so it is common to infer these values from the market:
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and solve for    
[image: image57.wmf]V

V

s

,

    iteratively

· KMV does not take the model to its conclusion but rather uses it as a motivation for summary statistics:  distance to default  (DtD):
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Default frequency is tabulated as a function of   DtD.

Ways to overcome empirical inconsistency of the firm based model

· Introduce jumps in the firm value   V
· Assume that the true value of the firm is not known, but there is an a priori  density function for V.
· Delayed observation on V:   from each the current distribution of   V    is modelled.

· Assume that the true value of the barrier is not known, but there is an a priori  density function for V.
Empirical Evidence

· Humped term structure of spreads consistent with lower rating classes, but not with investment grade (generally increasing )

· Does not rank issuers in agreement with the market, but correctly predicts credit spread movements (difficulty with the input data?)

· Pricing generally underestimates spreads

Duffie – Lando model

The drift (growth rate) of   V      is   
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Bond pays continuous coupon at the rate   C  generating tax benefit  
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The firm generates cashflow   
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The NPV of these cashflows at time   t    is
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If proceeds from the sale of debt are distributed to initial equity holders, the initial value of equity to shareholders given default (liquidation) policy    
[image: image63.wmf]t
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Shareholders will chose the liquidation policy so that it will solve
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If at some stage    
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   firm generates net negative dividend rate but may decide to continue.

Theorem

There is a function    
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Function    
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Imperfect Bond Market Information

Let us assume that the firm value information lags behind. That is at time   t     we observe filtration
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Then under some assumptions we can calculate conditional distribution of    
[image: image71.wmf]t
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Under imperfect information the rate at which the default intensity goes to zero is of the order of magnitude   h   so the spread is not zero for zero maturity.
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