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Optimization in Quantitative Finance

Quantitative teams solve every day optimization problems:

➢  Optimal Portfolio Construction

➢   Optimal Calibration/Filtering problems

What kind of certificates/insurance car bring convexity?

What is a reasonable approach when convexity is not 
there a priori?



4

Porfolio Optimization 

Let [ x1 , x2 , . , . , xN ]
T
∈ℝN  be the N-vector of

portfolio weights,

 {R :ℝNℝ
xR  x  a convex risk function 

 { p:ℝNℝ
x p  x  a concave performance function, 

⊂ℝN a polyhedral subset of ℝN ,  a target
performance level p

{Inf R  x
x∈ℝN

p  x≥ p
x∈ℝN
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Quadratic Portfolio Optimization

R  x:=xT  x with ∈S N
 ( the cone of positive

semidefinite symmetric matrices)

p  x=T x  where ∈ℝN

={ y∈ℝN : l i≤ yi≤ui i=1, ... , N }

NB:  and  might be partially related to first and
second order statistical estimators of  r1, ........ , r N 

T=r
the N-random variables associated with the returns of
the N assets
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Rockafellar R.T. and S. Uryasev (2000): Optimization of
Conditional Value-at-Risk. The Journal of Risk. Vol. 2, No.
3, 2000, 21-41 

The −CVaR amounts to minimize over
 := x , s ∈ℝN1 :

where:  [ t ]=max t ,0  and for a fixed portfolio x ,
variable s  can be seen as a « strike » corresponding to a
« Put Option » on the fund ex-ante daily returns  rT x

Convex Risk Function : CVaR 

F =R x , s=−s1−−1 ∫
r∈ℝN

[−rT xs ] pr d r
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Convex Functions

x y

{ℝNℝ
x f  x

∀ x ; y ∈ℝN×ℝN ,∈[0 ;1 ]
f  x1− y  f  x1− f  y

Everything derives from this simple property!

f  x:=max  f 1 x , f 2 x
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- Subdifferential : beyond first order analysis

x

f  x





∂ f x :={s∈ℝN : f  y− f  xs , y−x− ,∀ y∈ℝN }

∀ x∈ℝN ,∈ℝ ,
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- Subdifferential : Distance to the Moon

Theorem : ∀ x∈ℝN ,∈ℝ , ∂ f  x is a compact
convex set

∂ f x 
g

Theorem : let, 0 ;0 , and g∈∂ f  x such that 
∥g∥ , then 

x is an ,minimal point of f

f  y f  x−−∥y−x∥,∀ y∈ℝN

0
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Support function and   - derivation 

Support Function:  ∀ d∈ℝN ,∈ℝ ,



f  '  x , d  :=∂ f x d 

:=maxs∈∂ f x d
T s

 - Derivation theorem:  

f  '  x , d =inf t0
f  xtd − f  x

t

Proof:  use Fenchel conjugacy Hiriart-Urruty Lemaréchal
XI -  Theorem 2.1.1
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From Local to Global : Visible side of the Moon

∂ f x 

d

0

D x :={d∈RN : f  '  x , d 0 }

Theorem :  let d∈D x ; then d is an  - descent
directions at x

Proof :  there exist t 0 such that
f  xtd − f  x

t
0  and hence f  xtd  f  x−
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Eigenvalue Optimization in Quant Finance

Let S N be the set of N x N symmetric matrices and 
S N∋X  f X  :=max X ∈ℝ the maximum eigenvalue

function and define the spectrahedron (Nemirovski)

Ky Fan (1949) has shown that not only f  is a convex
function but it is also the support function of S N

1

f X =S N
1 X =max {S , X F : S∈S N

1 }

S N
1 :={S∈S N

 ,Trace S =1}

F. Oustry, A second order bundle method to minimize the maximum 
eigenvalue function, Mathematical Programming, Volume 89, 
Number 1, 2000
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EO : Approximate subdifferential

∂ f x ={S∈S N
 ,Trace S =1 :S , X F f X −}

Theorem :  ∀ X ∈S N ,0, we have 

∂ f x 

d

0

D x:={d∈RN : f  '  x , d 0}?
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EO : Approximate subdifferential

1 X = f X 2 X 3  X 4 X 



Let r be the number of eigenvalues of X  non smaller than
f X − and Q an N x r matrix whose columns form an

othonormal basis of the sum of the r first eigenspaces. Then a
« good » a good approximation of ∂ f X  is:

∂ f X ⊂ f X  :=QS r
1 Q

T⊂∂ f X 



f  ' X ; .≤ f X .≤ f  ' X ; .

∃0
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EO : Random Matrices

L. Laloux, P. Cizeau, J-P. Bouchaud and M. Potters, Noise Dressing
of Financial Correlation Matrices. Phys. Rev. Lett. 83, 1467 - 1470 ,
1999. 
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EO : Covariance Matrices Filtering

Let C be a target symmetric matrix, we want to find
C∈S N such that:

{Min∥C−C∥2

C−2 I N∈S N


C ii=i
2 , i=1 ; ..... , N

⇔ {Min∥C−C∥2

max 
2 I N−C ≤0

C ii=i
2 , i=1 ; ..... , N
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CVaR : subdifferential
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CVaR : subdifferential

Shapiro, A. and Wardi, Y., Nondifferentiability of the
Steady-State Function in Discrete Event Dynamic Systems,
IEEE Transactions on Automatic Control, vol. 39, pp.
1707-1711, 1994.
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The U-Lagrangian of a convex function

Lemaréchal, F. Oustry, and C. Sagastizábal, The U-
Lagrangian of a convex function, Trans. Amer. Math. Soc.,
vol. 352, no. 2, pp. 711-729, 2000
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The U-Lagrangian of a convex function

V

U
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The U-Lagrangian of a convex function
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Second Order Expansion and Stability

Assume now that f depends on uncertainties  ,
f = f  p , , with 0∈ri∂ f  p ,0 and H U f  p , 0

exists and is positive semidefinite. We also assume that
 f  p , is  continuously differentiable.

Then in a neightborhood of =0 , the optimal solution
p   is locally Lipschitz continuous.
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Lagrangian Duality
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Semidefinite Duality
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Semidefinite Duality
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Dualizing a quadratic program
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The Dual of a Quadratic Program is SDP!!
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Bidualization and lifting procedure

⇔
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Portfolio Optimization with third order constraint

⇔

1 E. Jondeau and M. Rockinger, Optimal Portfolio Allocation Under Higher Moments, Working Paper N. 108, December 2002 
(Revised: January 2004). Available at http://www.banque-france.fr/gb/publications/ner/1-108.htm 
1 C.R. Harvey, M. Liechty, J. Liechty and P. Müller. Portfolio Selection with Higher Moments. (December 13, 2004). Available at 
SSRN: http://ssrn.com/abstract=634141  
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Second Lifting Procedure

1 J. B. Lasserre, Global Optimization with Polynomials and the Problem of Moments, SIAM Journal on Optimization, Vol. 11, No. 3, 
pp. 796–817, 2001. 
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Creating Positive Aymmetry
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Diversified (GM) Investment Universe 
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From “Plain Markowitz” to “Exotic Convex 
Optimization”

• Plain Markowitz 
 Performance model : « trend following »
 Risk model : empirical covariance matrix 
 Allocation model : Minimize Volatility s.t. Perf constraint

• Filtered Markowitz
 Performance model : « trend following »
 Risk model : filtered covariance matrix 
 Allocation model : Minimize Volatility s.t. Perf constraint

• Exotic Convex Optimization
 Performance model : « trend following »
 Risk Model : Filtered covariance matrix + Higher moments/CVaR …
 Allocation model : Minimize Volatility s.t. Perf constraint & Asymmetry 

preferences (third order moment, CVaR constraints, …)
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Preference for positive asymmetry in practice

1,15

1,65

1,04

30%

14%

8%

-0,06
-0,02

0,15
1,15

1,65

1,04

30%

14%

8%

-0,06
-0,02

0,15
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Preference for positive asymmetry in practice

1,15

1,65

1,04

1,15

1,65

1,04
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To go further: a real life exampleTo go further: a real life example
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