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The basic framework
n stocks, caps (or prices) X;(t).
m > n independent BMs W;(t).

Stock prices/caps satisfy

dX;(t) = X;(¢) (bi(t) dt + f: iy () qu(t))

r=1
b;: rate of return of ith stock

o;,. sensitivity of the ith stock to vth BM

Standard assumptions:

T
/o |6(t)|| dt < oo for all T, a.s.
and: there exist M, > 0 with

el|o]|? < Vo () (o (£)) v < M|v]|?
for all fixed v € R™ and all ¢, a.s.



Logarithmic point of view
Set Qjj = ?17:1 Oiv0jy = (O‘O‘l)ij.

Use Itd’'s rule to see that

m
d(log X;) = ~y;dt + ) 04, dWy,
vr=1

where ~v; = b; — %am

v; should be interpreted as the logarithmic
growth rate of the ith stock.

(Write b; instead of b;(t), etc.: everything
except constants n,m,e,M,d,p are functions
of t.)



Portfolios
A" = {(x1,...,%Tn) : T1y...,Tn > 0,> x; = 1}.

Portfolio: measurable process m = (71,...,7Tn)
with T € A™ a.s.; m; represents the proportion
of wealth in the th stock in the portfolio.

Infinitesimal return on X; is dX;/X;, so if Zx
IS the value process corresponding to m,

dz i
——_ Z 7Tz - = szb dt—l—Zszaw dWy.

’L
where v = > m;v; + 75 and

1 n n n
p— 5 (2:1 T Qe — Z Z winaij) .
1=

i=1j=1

~vx is the Excess Growth Rate, or amount the
logarithmic growth rate of portfolio exceeds
the weighted average of log growth rates of
the component stocks. It equals one half the
difference of the weighted average of stock
variances and the portfolio variance.



The Market Portfolio

Set Z7 = Y X; and let u; = X;/Z be cap

weights. The vector p is a portfolio and
Az, axX; Y. dX; dZ
Z—M_Zsz- A

So the portfolio p mirrors the market and is

called the market portfolio.

Useful to rank the stocks: set f(1) = Maxpg,
and more generally, rank them so that

(1) 2= H(2) 2 2 ()

(Identities of stocks change with timel!)



Diversity

Fix 0 < p <1 (not time-dependent). Set

n 1/p
D(x) = Dp(x) = (Z :z:f) ,x € R";
i=1
o) M _ W
' (Dw)r i+ +pn
This is a functionally generated portfolio which
IS biased towards smaller-cap stocks. Call it
a diversity-weighted portfolio.

Notions of diversity: say that the market is:

e diverse on [0,T] if there exists § > 0 such
that

u(l)(t) <l-¢6forall0<t<T, a.s.

e weakly diverse on [0,T] if there exists § >
O such that

1 [T



Arbitrage

Set © = (@) (diversity-weighted portfolio).
Assume that the market is weakly diverse
on [0,T], where T is large enough (we can
take T > 2logn/ped?). Then (Fernholz and
Karatzas):

P(Z:(T) > Z,(T)] = 1.

That is, the value of the diversity weighted
portfolio at time T is strictly greater than
that of the market portfolio, with probability
1.

Also, there is good reason to believe that
the diversity-weighted portfolio is no riskier,
in the long term, than the market portfolio.

Such a controversial result deserves a proof:



Proof (1)

For portfolio n, quantity log(X;/Zy) is relative
log return of :th stock v. portfolio. Define
Tinj by

d(log( ) Iog( )> = 7,5 dt;

From above expressions for d(log X;) and
d(log Zn), we can easily see that

= a;; — Z MeQik — > M@k + D D> MMk
k ko1

Fact 1. for any portfolios m,n,

1
— 5 (Zﬂ'ﬂ'g — ZZWinTznj) a.s.

i i g

Fact 2: for any portfolio m,
ZZWinTgTj = 0.

T g
Fact 3: for any portfolio m,
1

= 5;7@7‘;{

Facts 1 and 2 are easy computations based
on Y ,m = 1; they imply Fact 3.



Proof (2)
Set n = u, and write Ti’“]‘- as just 7;;. Since
Wi = Xi/Z'u, we have

d(log p;, 109 pj)e = 75 dt.
Use Itd on u; = exp(log u;) (Fact 4):

dp; p; d10g p; + %Ni d(log p;)
= p;dlog p; + %MiTii dt.
It follows that (Fact 5)
d(ps, phj)t = pipd(109 p;, 109 pj)e = pip 75 dt.

Sum this last relation over 3 to get

d{pi, Y 1)t = g Y 1T dt.
J J
Since };u; =1, LHS is 0. So (Fact 6)

> T = a.s. for all j.
J
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Proof (3): Portfolio Generating Functions
(PGFs)

Theorem (Fernholz): Let S be a positive C2
function defined on a neighbourhood of A™.
Assume x;0;1og S(x) is bounded on A™. Let

i = ((ai 09 8)(1) +1 - (9 l0g S)(u)) i
J
Then

Z
dlog <—”> = dlog S(u) + dO,
Zp

where d© is the drift term:

1

0;:S Ty dE.
25(”);%: 17 (IU’)ILI’ZI'I’]T’L]
We say that S generates the portfolio .
In particular, we will set § = D, for the

diversity-weighted portfolio.

do = —

We'll prove this theorem first, then return to
the proof of the main theorem.
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Proof of PGF Theorem

From expressions for dlog Z, and dlog X;,
dlog Z, = Zﬂ-idlogXi_l_’V;'
i

So we have:

Z
210G (Z_> = S mdlog(Xi/Zy) + 7
7 i
= Y mdlog p; + vz
i
du; 1
(Fact 4) = ZT&'Z< Hz——Tm;dt)

(Fact 1) —|—% (Z T Tii — ZZWiﬁjTij) dt

|
]
|§]
o8
=
I
N+~
]
]
2
5]
S
<O
S

— (I) — %(11) dt.

Set o(t) =1 -3, u;(9;109 S)(u), so that
Uy’

o = (0;109 S) () + .
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Proof of PGF Theorem (2)

(D = Y ~tdu; = (9109 $) () dpsi + ¢ dpy

12 1

= > (8;log ) (1) dp;.
i
Here we used >, u; =1 = > ,du; = 0.
(II) = ZZijTij
]

= Z Z(ai log S(1)) (95109 S() ) i Ti;
i g

+2¢ Z Z(ai 109 S(e) ) pipe 75
i g
+¢° Z Z ik T
i j
= Z Z(ai log S(p)) (0109 S(p) ) pipe;i-

J
(We used 7;; = 75; and Fact 6.) Calculus:

0;:S
;;109 S = g — (8;109 S)(9;109 S); so

(1) = Z Z (82,?;?) — ;5109 SOL)) i Tij-
i j
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Proof of PGF Theorem (3)

So we see that

dlog (g > Z(a log S) (i) dp;
W

i3S
_= Z Z S¢ (';L),LbzlijTij dt

J
—I—% Z Z(aij l0g S) () i 75 dt.
U
Use It0's Rule and Fact 5 to see that
dlog S(u) = »_(9;log $) (k) du;
7
-I-% Z Z(@;j 109 S) () ppe 75 dt.
v

This finishes the proof. Next, apply theorem
with S = Dy.
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PGF Theorem and Diversity

1 1
log D = =log(z] +---+2P) = =log(DP), so
p p

1 .1 1 2Pl
. log D = “pi? =t
9i109 D(x) o i D(z)P  D(z)P
g (»)
:0;1og D(p) = i =P,
K e T

It easily follows that D generates (). Also:
9;D(x) = «?~H(D(x))1 P
0ijD(x) = (1—p)af ah (D(2))*7F
~055(1 — p)al = ?(D(x))17F; so:

1 . .
2D(u) zz: zj: ij D (it jTiy
- %(1 B p) (zz: ,Lbe(,u)_pTii
B ZZM%?M?D(M)_QPTM)
i
1
— 5(1 —p) (Z TiTi; — Z Z 7772773‘7'7;3')
1 i ]
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Proof of the Main Theorem(4)

This shows that d© = (1 — p)vx. So

d109(Zx/Zy) = dlog D(u) + (1 — p)yxdt, or

Zr(T) . D(H(T)) r *
log (ZM(T)> = log ( >+(1—p)/o Yo (t) dt.

We want LHS to be positive a.s. Now

1= p; <Y pf =D <n'™?
) )

(equality on RHS when p; = = for all i) so

0 <plogD(u) < (1—p)logn.

0g (l'é((’;g)))) > = log D(u(T)) — log D(u(0))

1—p
p
Now only need to estimate [& ~x(t) dt.

> —

log n.
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Proof (5) - Estimating v (t)

Step 1! maxm; < maxpu; = pqy for all ¢, a.s.

To see this, for each i, 'u;;l—p < ,u%l_)p. Since
> i =1,

H(1y = D Hit(y S D Mg l(1) = H(1) D Hgi SO

p
K1
(M)f < H(1)-

maXﬂ'j =
)

Step 2: 7% > e(1 —m;)? for all ¢, a.s. To see
this, let v = (71,...,m; — 1,...,7m). By easy
calculation and assumption:

T =v'oo’v > e||v]]? > (1 — m;)?.

(X

Step 3: estimate ~F using Fact 3, Y}, m; =1
and Steps 1 and 2:

77‘}':' — _Zﬂ-z Ty = Z(l T 71-7,)27-‘-2

5(1 — maxwi)Q ZWi 2 5(1 — M(l))Q-

'V
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Proof (6) - conclusion

T e T
* < . 2
|v®dt > S [ —nay)?d

3 T 2 ¢ 5

(Used Cauchy-Schwarz and weak diversity.)
Putting it all together,

o0 (sz) oo (Dmm))

Zu(T) D(u(0))
T
+(1-p) | (@) dt
1 —
> — 2" Plogn+ (1 —p)s?T
D 2
eTé62 logn
= (1—p) ( 5~ )
p
> 0ifT > 2Iogn7 a.s
ped?

It follows that Z;(T') > Z,(T) a.s. as claimed.
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Risk and Reality

Consider risk of diversity-weighted portfolio.
Graph of D(u) for p = 5 shows that it is
mean-reverting with relaxation period of about
10 years. So, if we sample Zr and Z, with
frequency > 10 years, sample variance should

be about the same.

In reality, rebalance every month. In peri-
ods of stable diversity D(u), the diversity-
weighted portfolio (with p = 0.76) should
outperform the market portfolio (S&P 500)
by about 0.5% per year. Turnover in former
is about 12% per year, compared with 6% for
S& P portfolio or 8% for Russell 1000. This
isn't significant.

Conclusion: diversity-weighted index seems
to be superior to cap-weighted index.
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Ranked Portfolio Generating Functions

Recall ranked market weights:

H(1) 2 1(2) =70 2 Py

Define random permutation p; of {1,...,n}
by

Hop, (k) (1) = p(y(t) and

pe(k) <pi(k+ 1) if py() = pp41)(@).

So pi(k) is the number of the kth-ranked
stock at time t. Now suppose that S is a
function defined on a neighbourood of A"
which is symmetric in all variables. Think of
S as a function of rank:

S(:L‘l, c e ,$n) — S(a:(l), c e 7$(n))

for some smooth function S. AIlso assume
that no three stock prices are ever equal, and
that times any two stock prices are equal are
of measure 0 a.s. Then have a different ver-
sion of PGF theorem:
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Ranked PGF Theorem

Define portfolio by

T (k) = ((8z- log S) (k) +1
_ Z(aj log S)(u(-)))“(k)'
J

Then

A
dlog (—) = dlogS(u) + dO,
Zp

where the drift term d© is now given by:
1
1© = —5ig > %: VigS iy ()T (i) Ot
1 ’I’L—l
+§ kz_:l(wpt(k-l-l) = Tpy(k)) @\log (k) =109 B(k41)°

Here 7,5y Is shorthand for 7,
local time. (Recall that

Ax(®) = (IX@)] - X )] - [ san(X () dX(s))

for the continuous semimartingale X.) The
proof of this is messy but similar to previ-
ous result. The local times arise from when
stocks switch rank.

()py(j) and Ais
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The Size Effect

Fix m <n,; let SL(a?) = Z(1) e T(m) SO
that S(z) = z14---+xm. In context of above
theorem, set

Eplh) = ((@- l0g S)(ky) +1
_ Z(aj log S)(u(.)))“(k)
J

which simplifies to £, () = H(k)/SL(M) if £ <
m and §, ;) = 0 otherwise. This portfolio is
cap-weighted in m largest stocks. Now apply
theorem; since 0;;S = 0, only part of d© is
local time part. Standard result:

I{O}(X(t)) d\x (t) = dA\x(t) a.s.
(local time measure is supported in the null
set {X() = 0}). So if §, (x+1) F &)
t?iir;tciié\glgogcg(?u_rﬁg ppgyy = O Only term con-
1 n—1
d© =3 g_:l(ﬁpt(k+1)—§pt(k)) Niog 1) —109 p(j 1)

IS when kK = m. So,
22



The Size Effect (2)

Z
dlog (Z—f> — dlog S (1)

1
_Eg(m) d/\log ,u(m)—log H(m+1)"

Now define Ss(x) = :U(m_|_1) R ZIZ(n) and
repeat previous argument to get portfolio n
of (n — m)th smallest stocks, cap-weighted:

Z
dlog (—”> = dlogSg(n)
m
1 d/N\
+§n(m—|—l) log ,u(m)—log H(m+1)"
Using both equations,

on[2) = am (350

1
+§(§(m) T 77(m-|-1)) djog H(m)~109 Li(m+1)°

Suppose relative caps of small and large stocks
are stable over time. Then drift term domi-

nates and is strictly increasing. So, in a sta-

ble market, return of small stocks is greater

than return of large stocks regardless of risk-

level.
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