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Outline of Presentation

First we introduce financial primitives in economic modeling

As a consequence we obtain two price equilibria

Explicit constructions are based on probability distortions

They are then generalized to dynamically consistent processes in
discrete time

Continuous time formulations using G expectations follow using
probability and measure distortions

The resulting price processes are nonlinear martingales

Furthermore, all two price markets free of arbitrage have price
processes that are nonlinearly discounted nonlinear martingales

Maximizing the lower price yields new objective functions for portfolio
selection, derivative positioning and risk management

While, simultaneously opening up the mathematical theory for the
control of nonlinearly discounted nonlinear martingales
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Financial Primitives in Economic Modeling

The classical Arrow Debreu model for an economy takes as primitives
preferences, endowments and technology.

There are no financial primitives in the model and finance has no
economic relevance.

In particular all can transact at prevailing prices, as a birth right.
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Enter Financial Primitives

No one can transact without financial approval.

It may be necessary that the approver is too big to fail for otherwise
they may be too small to deliver.

Not TBTF=TSTD.
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Concerns for the approver

The set of events on which the economy lives is larger than what can
be contracted.

As a result market clearing cannot be attained in all states.

Endowments can disappear.
Crops fail yet farmers must survive.

The financial system exists to cover losses related to the absence of
clearing.

As a consequence the financial system (FS) defines the real economy
as follows.
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The Cone of Acceptable Losses

When market clearing is possible one can attain positive aggregate
excess supply and then there are no loss exposures possible.

Given the necessity of loss exposures the FS must define the set of
acceptable loss exposures.

This is assumed to be some “small” cone A∗ containing the
nonnegative random variables.
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Cones of Acceptability Characterized

Every cone of acceptable risks is equivalently defined by a set N of
probability measures called test scenarios and

X ∈ A∗ ⇐⇒ EQ [X ] ≥ 0 all Q ∈ N .

This small cone is a financial primitive and it replaces what is meant
by clearing.

Aggregate excess supplies may fail to be nonnegative but they must
belong to the cone of acceptability.
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Two Price Equilibria

All economic agents transact with the FS selling endowments and
buying what they need at terms set by the FS.

The FS offers individual participants a “larger” cone A of acceptable
risks defined by a smaller set of test scenariosM.

The FS sets prices b(X ), a(X ) for buying or selling X respectively.
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The Pricing Functionals

The FS requires that

X − b(X ), and a(X )− X ∈ A.

It follows that

b(X ) = inf
Q∈M

EQ [X ]

a(X ) = sup
Q∈M

EQ [X ].

In equilibrium, A,M are to be solved for or determined with a view
to getting aggregate excess supply into the small cone A∗.
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Technical Remarks on the Two Price Functionals

Unlike the classical valuation functionals of one price economies the
valuation functional of a two price economy is nonlinear.

The bid or lower price functional is concave while the upper or ask
price functional is convex.

One need only understand the details for one of these as

a(X ) = −b(−X ).
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Financial Remarks on the Lower Price Functional

Individuals on an isolated island comparing actions with uncertain
consequences may follow the dictates of rational behaviour under
uncertainty and may then seek to maximize expected utility.

Participants of a financial economy regularly valuing human and
economic activity should pay attention to the two price market value.

The lower price functional is a concave function ideally suited to serve
as an objective function for maximizing a conservative market
valuation.

We may now rewrite portfolio theory, derivative positioning, risk
management and many other subjects from this new perspective.
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Lower Price Functional Operationalized

First we need to get specific about the setM of measures defining
the lower price functional.

As we are building a valuation functionalM should contain a
potential risk neutral measure.

Given one risk neutral measure Q∗ we ask what cones of acceptability
are possible when acceptability depends on just the probability
distribution function F (x) of the cash flow under Q∗.
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Acceptability via Probability Distortions
Kusuoka (2001, “On Law Invariant Coherent Risk Measures,”
Advances in Mathematical Economics, 3, 83-95.) showed that if we
demand acceptability be defined solely in terms of the distribution
function and furthermore

we also demand additivity for comonotone risks whereby

b(X + Y ) = b(X ) + b(Y )

when
(X (ω1)− X (ω2)) (Y (ω1)− Y (ω2)) ≥ 0 a.s.

then there exists a concave distribution function Ψ(u) defined on the
unit interval such that X is acceptable if and only if∫ ∞

−∞
xdΨ(F (x)) ≥ 0.

In this case
b(X ) =

∫ ∞

−∞
xdΨ(F (x)).

Dilip B. Madan Robert H. Smith School of Business () Two Price Economy
Sydney Financial Mathematics Workshop Tuesday July 1 2014 Sydney, Australia 13

/ 37



Acceptability via Probability Distortions
Kusuoka (2001, “On Law Invariant Coherent Risk Measures,”
Advances in Mathematical Economics, 3, 83-95.) showed that if we
demand acceptability be defined solely in terms of the distribution
function and furthermore
we also demand additivity for comonotone risks whereby

b(X + Y ) = b(X ) + b(Y )

when
(X (ω1)− X (ω2)) (Y (ω1)− Y (ω2)) ≥ 0 a.s.

then there exists a concave distribution function Ψ(u) defined on the
unit interval such that X is acceptable if and only if∫ ∞

−∞
xdΨ(F (x)) ≥ 0.

In this case
b(X ) =

∫ ∞

−∞
xdΨ(F (x)).

Dilip B. Madan Robert H. Smith School of Business () Two Price Economy
Sydney Financial Mathematics Workshop Tuesday July 1 2014 Sydney, Australia 13

/ 37



Acceptability via Probability Distortions
Kusuoka (2001, “On Law Invariant Coherent Risk Measures,”
Advances in Mathematical Economics, 3, 83-95.) showed that if we
demand acceptability be defined solely in terms of the distribution
function and furthermore
we also demand additivity for comonotone risks whereby

b(X + Y ) = b(X ) + b(Y )

when
(X (ω1)− X (ω2)) (Y (ω1)− Y (ω2)) ≥ 0 a.s.

then there exists a concave distribution function Ψ(u) defined on the
unit interval such that X is acceptable if and only if∫ ∞

−∞
xdΨ(F (x)) ≥ 0.

In this case
b(X ) =

∫ ∞

−∞
xdΨ(F (x)).

Dilip B. Madan Robert H. Smith School of Business () Two Price Economy
Sydney Financial Mathematics Workshop Tuesday July 1 2014 Sydney, Australia 13

/ 37



Acceptability via Probability Distortions
Kusuoka (2001, “On Law Invariant Coherent Risk Measures,”
Advances in Mathematical Economics, 3, 83-95.) showed that if we
demand acceptability be defined solely in terms of the distribution
function and furthermore
we also demand additivity for comonotone risks whereby

b(X + Y ) = b(X ) + b(Y )

when
(X (ω1)− X (ω2)) (Y (ω1)− Y (ω2)) ≥ 0 a.s.

then there exists a concave distribution function Ψ(u) defined on the
unit interval such that X is acceptable if and only if∫ ∞

−∞
xdΨ(F (x)) ≥ 0.

In this case
b(X ) =

∫ ∞

−∞
xdΨ(F (x)).

Dilip B. Madan Robert H. Smith School of Business () Two Price Economy
Sydney Financial Mathematics Workshop Tuesday July 1 2014 Sydney, Australia 13

/ 37



Acceptability via Probability Distortions
Kusuoka (2001, “On Law Invariant Coherent Risk Measures,”
Advances in Mathematical Economics, 3, 83-95.) showed that if we
demand acceptability be defined solely in terms of the distribution
function and furthermore
we also demand additivity for comonotone risks whereby

b(X + Y ) = b(X ) + b(Y )

when
(X (ω1)− X (ω2)) (Y (ω1)− Y (ω2)) ≥ 0 a.s.

then there exists a concave distribution function Ψ(u) defined on the
unit interval such that X is acceptable if and only if∫ ∞

−∞
xdΨ(F (x)) ≥ 0.

In this case
b(X ) =

∫ ∞

−∞
xdΨ(F (x)).

Dilip B. Madan Robert H. Smith School of Business () Two Price Economy
Sydney Financial Mathematics Workshop Tuesday July 1 2014 Sydney, Australia 13

/ 37



The Set of Supporting Measures

The set of supporting measures can be identified as the set of all
measures Q satisfying

Q(A) ≤ Ψ (Q∗(A)) , all A ∈ F .
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Choice of Distortion

A simple choice for Ψ is

Ψ(u) = 1− (1− u)1+γ

Under this choice X is acceptable just if the expectation of the
minimum of γ independent draws from the distribution is positive.

Another choice is
Ψ(u) = u

1
1+γ

and under this choice X is acceptable just if the expectation is
positive under a distribution function G (x) where F is the
distribution of the maximum of γ independent draws from G .
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Distorted Expectation and Change of Measure

The distorted expectation is also an expectation under a change of
measure whereby∫ ∞

−∞
xdΨ(F (x)) =

∫ ∞

−∞
xΨ′(F (x))f (x)dx

whereby the change of measure density is

Ψ′(F (x)).

The desire to have Ψ′(0) = ∞ and Ψ′(1) = 0 leads us to

Ψ(γ)(u) = 1−
(
1− u

1
1+γ

)1+γ
.

for a stress level γ.
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Simulated Evaluation of Lower Price Functional

Given a simulated outcome of cash flows xi , i = 1, · · · ,N one may
evaluate the distorted expectation or lower price by ordering the
outcomes in increasing order x(i ) and evaluating

N

∑
i=1
x(i )

(
Ψ
(
i
N

)
−Ψ

(
i − 1
N

))
.
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Discrete Time Roll back of Lower Price Functional

Given a Markov environment with states xt and transitions to states
xt+h in time step h with risk neutral transitional probability Q(xt , dx)
and lower price functional b(xt+h) already evaluated we define for
interim cash flows c(xt , xt+h)

b(xt ) = EQ [c (xt , xt+h) + b(xt+h)]

+h
∫ ∞

−∞
ydΨ (F (y))

F (y) = Q
(

c (xt , xt+h) + b(xt+h)
−EQ [c (xt , xt+h) + b(xt+h)] ≤ y

)

This pricing operator may be related to a nonlinear expectations
operator yielding dynamically consistent lower price functionals.
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Nonlinear Expectations
These are a family of operators satisfying all the properties of
conditional expectations and are denoted

Et (X ).

X measurable with respect to time T information while Et (X ) is
known at time t < T .
We ask for mononocity, X ≥ Y implies Et (X ) ≥ Et (Y ).
For Et (X ) = X when X is time t measurable.
The tower lemma or for s < t < T that

Es (X ) = Es (Et (X )).

and that for A known at time t that

Et (1AX ) = 1AEt (X ).
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Given a family of nonlinear expectations operators Et (X ) the process

Xt = Et (X )

is a nonlinear martingale.
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Bid and Ask Price Functionals are Nonlinear Martingales

The discrete time bid and ask price functionals defined on a Markov
filtration are examples of nonlinear martingales.

This is shown by relating these functionals to solutions of backward
stochastic difference equations as studied in Cohen and Elliott (2010,
Stochastic Processes and their Applications 120, 4, 442-466).
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Two Price Functionals in Continuous Time
The pricing functional u(x , t) of a one price economy living on a
Markov filtration (X (t), t ≥ 0) satisfies a martingale condition in
reverse time for a constant interest rate of r ,

More precisely u(x , t) is the solution of the partial integro-differential
equation

ut = L(u)− ru
subject to the boundary condition u(x , 0) = φ(x).
For example when X (t) is a pure jump Lévy process with drift term α
and Lévy measure k(y)dy defined for y 6= 0 we have that

L(u) = αux (x , t)

+
∫ ∞

−∞
(u(x + y , t)− u(x , t)− ux (x , t)y) k(y)dy .

In this case
u(x , t) = E

[
e−rtφ(Xt )|X0 = x

]
.
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G-expectations, nonlinear expectations and nonlinear
martingales

The infinitesimal generator L is a linear operator on u.

Peng (2006, G-Expectation, G-Brownian Motion and Related
Stochastic Calculus of Itô Type. arXiv:math/0601035v2) created
G-expectations defined as nonlinear expectations that are unique
viscosity solutions to nonlinear equations of the form

ut = G(u)

for the boundary condition u(x , 0) = φ(x).

The result is
u(x , t) = E (φ(Xt )|X0 = x) ,

where E is a dynamically consistent nonlinear expectation operator.
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G-expectations and Distortions I

We may equivalently write for the integral in the expression for L the
expression ∫ ∞

−∞

1
y2
× (u(x + y , t)− u(x , t)− ux (x , t)y)×(∫ ∞

−∞
y2k(y)dy

)
× g(y)dy

where we now write

g(y) =
y2k(y)∫ ∞

−∞ y
2k(y)dy

.

By construction the function g(y) is positive, integrates to unity and
thus is a probability density.
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G-expectations and Distortions II

Now define the variable random in y for given x , t

Yx ,t =
1
y2
×

(u(x + y , t)− u(x , t)− ux (x , t)y)×∫ ∞

−∞
y2k(y)dy .

Also define the distribution function

FYx ,t (v) =
∫
A(x ,t ,v )

g(y)dy

A(x , t, v) =


y | 1y 2×

(u(x + y , t)− u(x , t)− ux (x , t)y)
×
∫ ∞
−∞ y

2k(y)dy ≤ v


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G-expectations and Distortions III

We may then write the integral in L as∫ ∞

−∞
vdFYx ,t (v).
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Using Probability Distortions in G-expectations

Now we introduce the distorted expectation∫ ∞

−∞
vdΨ(FYx ,t (v))

which agrees with the integral

−
∫ 0

−∞
Ψ (Pg (Yx ,t ≤ v)) dv

+
∫ ∞

0
[1−Ψ (Pg (Yx ,t ≤ v))] dv ,

where Pg indicates that we evaluate probability under the quadratic
variation scaled density g(y).
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The QV operator

Define the nonlinear operator by

GQV (u) = αux

−
∫ 0

−∞
Ψ (Pg (Yx ,t ≤ v)) dv

+
∫ ∞

0
[1−Ψ (Pg (Yx ,t ≤ v))] dv

and solve
ut = GQV (u)

for the nonlinear bid price.
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From probability distortions to measure distortions

First we rewrite a distorted expectation as an integral over tail
measures as follows.

The distorted expectation is

E(X ) =
∫ ∞

−∞
xdΨ(F (x)) ≥ 0

Rewrite as

E(X ) =
∫ ∞

0
(1−Ψ(F (x)))dx

−
∫ 0

−∞
Ψ(F (x))dx .
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Upper tail measure and complementary dsitortion

Introduce the upper tail measure

F̂ (x) = 1− F (x)

Define the complementary distortion

Ψ̂(x) = 1−Ψ(1− x)

and write

E(X ) =
∫ ∞

0
Ψ̂(F̂ (x))dx

−
∫ 0

−∞
Ψ(F (x))dx .
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Remarks on Distortion and Complementary Distortion

Both distortions are monotone increasing in their arguments

Ψ is concave and bounded below the identity function

Ψ̂ is convex and bounded above by the identity function.

For the bid price or the distorted expectation one employs the
concave distortion on the losses or negative outcomes while one
employs the convex distortion on the gains or positive outcomes.

This is reasonable as distorted expectations are expectations under a
change of measure with the measure change being the derivative of
the distortion taken at the quantile. The concave distortion then
reweights upwards the lower quantiles associated with large losses,
while the convex distortion reweights downward upper tail.

This structural reweighting will be maintained on passage to measure
distortions.
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Measure Distortions I

Consider now in place of an expectation an integration with respect
to a positive, possibly infinite measure µ or the measure integral

m =
∫ ∞

−∞
v(y)µ(dy) < ∞.

Though the measure may be infinite, we suppose that all the tail
measures are finite.

We may then rewrite the measure integral as

m = −
∫ 0

−∞
µ ((v(y) ≤ x)) dx

+
∫ ∞

0
µ ((v(y) ≥ x)) dx .
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Measure Distortions II

Now consider two functions Γ+, Γ− defined on the positive half line
that are zero at zero, monotone increasing, respectively concave and
convex, and respectively bounded below and above by the identity
function.

These functions will now be used to distort the measure µ and we
refer to them as measure distortions.

We then define the distorted measure integral as

m = −
∫ 0

−∞
Γ+ (µ ((v(y) ≤ x))) dx

+
∫ ∞

0
Γ− (µ ((v(y) ≥ x))) dx ,

where we assume both integrals are finite.
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Risk Acceptability Using Measure Distortions

Acceptability of a random outcome with respect to a possibly infinite
measure with finite tail measures may then be defined by a positive
distorted measure integral.

M., Pistorius and Stadje (2012, “On Consistent Valuation Based on
Distortions: From Multinomial Random Walks to Lévy Processes,”
Imperial College Preprint. Available at
http://arxiv.org/abs/1301.3531.) identify the set of supporting
measures as absolutely continuous with respect to µ with square
integrable densities that satisfy for all sets A, for which µ(A) < ∞ the
condition

Γ−(µ(A)) ≤ Q(A) ≤ Γ+ (µ(A)) .

We replace measure integrals by distorted measure integrals in
defining G-expectations as solutions of nonlinear partial
integro-differential equations.
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Examples of Measure Distortions

We take as models for specific measure distortions

Γ+(x) = x + αΨ+
(
1− e−cx

)
Γ−(x) = x − βΨ−(1− e−cx )

for any probability distortions Ψ+,Ψ−.
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Nonlinearly Discounted Nonlinear Martingales and No
Arbitrage

In any two price economy with securities traded with the market at its
two prices announced continuously through time a meta theorem goes
as follows.

This economy is free of arbitrage if and only if there exists a
discounting process and a probability measure such that the values of
all traded claims lie continuously through time between the lower and
upper price for the claim.
Now define risk acceptability as a positive expectation under all such
measures.
The lower prices are then nonlinearly discounted nonlinear martingales
defined as infima of discounted conditional expectations with respect
to these measures.
Hence nonlinearly discounted nonlinear martingales are to no
arbitrage in two price economies as martingales are to no arbitrage in
one price economies.
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Conclusion

Finance is critical for an economy as no one is approved for trade
without it. There is no economy in its absence.

Between TBTF and TSTD, perhaps we better go with TBTF.

Financial operations necessitate a formal understanding of acceptable
risks or approved trades.

The consequence is a two price theory.

This is operartionalized using probability and measure distortions in
discrete or continuous time.

The two price economy leads us to nonlinearly discounted nonlinear
martingales and provides a new perspective to all issues in financial
management.
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